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Abstract-An analytical model has been proposed to predict the force time history in an isotropic
plate due to penetration by a projectile. The analytical model developed considers the prediction of
shape and size of the cavity. pressure distribution along the cavity wall and force-time history for
the penetration event. The shape and the radius of the cavity obtained from the model are compared
with the experiment and with the finite elemenl simulation. Six penetralion experiments were
performed in 4340 steel plates by long tungsten rods (LiD = II) at velocities in the range of 1.5
2.5 km S-I. These experiments were then simulated using the EPIC91 Research Code. From the
experiments. cavity radius. terminal velocity and reduction in rod length are compared with the
finite element simulations. The simulated cavity radius. cavity depth. cavity expansion velocity and
force-lime histories are comparable with those obtained from the cavity growth and expansion
model. Initially. an idealized analytical force-time history was compared with the simulation. The
results showed that the force-time history is characteristic of the penetration event. Finally, we
evaluated the influence of target thickness and striking velocity of the projectile on the analytical
force-time history.
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local cavity radius as a function of cavity depth. final (maximum) cavity radius and dimensionless
cavity radius. respectively
local cavity's radial expansion velocity and acceleration as a function of cavity depth and time
location of elastic-plastic interface and dimensionless elastic -plastic interface, respectively
dimensionless elastic-plastic interface velocity and acceleration. respectively
sound velocity and Raleigh wave speed
modulus of elasticity and dynamic yield strength of the target material
force exerted by projectile on the target
location of elastic wave front and dimensionless elastic wave front, respectively
dimensionless elastic, stress-free interface velocity and acceleration. respectively
strain hardening value
total time varying pressure and dimensionless time varying pressure.
static and dynamic pressure, respectivcly
numerical parameter [see eqn (I)]
dimensionless stress-free region
Eulerian radial coordinate and initial radial particle position. respectively
normalized radial and hoop stresses, respectively
plastic and elastic integration constants. respectively
dimensionless static and dynamic stresses. respectively
particle displacement and velocity in the radial direction, respectively.
local cavity depth (Eulerian coordinates) and final (maximum) cavity depth, respectively
projectile-target interface velocity and numerical parameler [sce cgn (I )]. respectively
calibration parameter (dimensionless timc) [see eqn (2)]
dimensionless densities [see eqn (29)]
function of density and yield strength [see eqn (3)]
dimensionless radial displacement
material constants given by eqn (54)
limit of integration. normalized limit of integration. respectively
initial locations of elastic and plastic shock fronts. respectively
dimensionless velocities of wave fronts in the elastic and plastic regions. respectively.
normalized radial coordinate. initial location of the partiele
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density of the target at time t = 0 and at time t > 0, respectively
locked densities in the plastic and elastic regions, respectively
normalized particle velocity in the radial direction
dimensionless particle velocities in the plastic and elastic regions, respectively
dimensionless particle velocities in the elastic and stress-free regions, respectively
radial, circumferential and axial stresses, respectively
Poisson's ratio of the target material
effective stress and strain, respectively
radial, circumferential and axial strain, respectively
locking strain, locked elastic strain and locked plastic strain, respectively
octahedral shear stress and strain, respectively
change in axial momentum
time step

1. INTRODUCTION

The accurate modeling of the local events of the global structural response of a thick semi
infinite target due to penetration by a long rod projectile must include the formation of a
cavity in the target with varying shape (hemisphere, ogive, cone etc.) and size (radius),
local damage (bulging) of the target in the front and rear surface of the cavity, and the
decrease in projectile length with increase in the nose diameter. The size of the cavity
depends on whether the target is considered as a compressible or incompressible material.
The penetration of the target was explained based on spherical or cylindrical cavity expan
sion theory, achieved over 30 years ago by Bishop et al. (1945) for the quasi-static punch
indentation process. In their work, they obtained the solutions for the static expansion of
cylindrical and spherical cavities in an infinite medium. The extension to penetration
problems under hypervelocity impact was obtained by Goodier using results from the
dynamic spherical cavity expansion studies reported by Hopkins.

The idealized instantaneous force exerted on the local cavity at any time step during
the penetration would be the product of the total pressure exerted on the local cavity and
its surface area. The total pressure consists of static and dynamic terms.

The objective is to determine the global structural response of the target due to
penetration by a projectile, and to develop a model capable of (i) describing the local events,
such as the shape and radial expansion attributes of the local cavity during penetration, and
(ii) determining the instantaneous force exerted on the local cavity at any time step during
the penetration.

This paper addresses: (a) the penetration experiments in 4340 steel plates by long
tungsten rods (LID = 11) at velocities in the range of 1.5-2.5 km S-I, (b) the finite element
simulation of the penetration experiment using the EPIC91 code, (c) a mathematical
expression to describe the shape and radial expansion attributes of the local cavity during
penetration, and (d) a comparison of idealized and simulated force-time history during
penetration. The derivation of the analytical model in predicting the pressure distribution
along the cavity wall and the force-time history for the penetration event is given in Section
4. Finally, the research concludes with the evaluation of the influence of target thickness
and striking velocity of the projectile on the characteristic force-time history.

2. EXPERIMENTAL ANALYSIS

2.1. Description ofprojectile and targets
The tungsten projectiles, 5 mm in diameter and 55 mm long (LID = 11 and mass = 18.8

g), were prepared from as-received tungsten alloy rods. The tungsten alloy (WN307F,
swaged and aged) had a density of 17.67 g cm- 3 (99.6% of the theoretical density) and a
Rockwell hardness (Rc) of 44.6. The 4340 steel target plates, with a 304.8 mm nominal
diameter, were sliced from a 304.8 mm cold-rolled round stock with thickness ranging from
25.4 to 100 mm. Both surfaces of the plates were turned to make them flat and parallel.
The plates were subsequently heat treated to an Rc hardness of about 30.
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Table I. Comparison of experimental and simulation results for rod exit data

1455

Dimensionless
Simulated Pre-impact rod Exit velocity exit length of

impact inclination (0) of rod (km S-I) rod (final/initial)
Shot velocity

number (km S-I) Exp. Sim. Exp. Sim. Exp. Sim.

4-1529 2.00 0.75 0.0 1.31 1.49 0.111 0.178
4-1566 1.60 16.5 0.0
4-1567 2.00 6.3 0.0 1.64 1.74 0.273 0.356
4-1568 2.66 4.2 0.0 2.25 2.42 0.157 0.280
4-1569 2.00 10.8 0.0 1.89 0.606 0.662
4-1570 2.00 8.0 0.0

Table 2. Comparison of experimental and simulation results for cavity diameters

Entry (mm) Middle (mm) Exit (mm)
Shot

number Exp. Sim. Exp. Sim. Exp. Sim.

4-1529 10.0 13.0 9.75 9.5 11.75 14.0
4-1566 6.0 11.5 8.0
4-1567 11.5 13.5 10.5 9.5 12.0 14.0
4-1568 15.0 15.5 13.5 11.0 16.0 19.0
4-1569 11.0 13.5 10.0 10.0 11.5 15.5
4-1570 12.0 12.5 10.0 7.5

Table 3. Baseline grid for target plates

Shot Thickness Radius Number of Number of
number (mm) (mm) nodes elements

4-1529 63.5 152.4 3788 7400
4-1566 63.5 152.4 3788 7400
4-1567 50.8 152.4 3038 5920
4-1568 63.5 152.4 3788 7400
4-1569 25.4 152.4 1538 2960
4-1570 101.6 152.4 6038 11840

2.2. Two-stage gas gun launch and results
Projectiles were launched using the 50/20 mm two-stage gas gun at the University of

Dayton Research Institute, to velocities up to about 2.7 km S-I. Projectile velocities were
measured to within 0.5% accuracy using time-of-flight measurements between four laser
photo detector stations located along the range center line. Pre-impact yaw and pitch of
the projectile were measured with an orthogonal set of flash X-rays triggered by a delayed
pulse from the laser beam. Penetrator exit velocity and residual length were monitored by
a second set of orthogonal flash X-rays mounted behind the target plate.

Table 1 summarizes the data on impact velocity, pre-impact penetrator inclination,
residual velocity and length of the penetrator from the six experiments. Table 2 summarizes
the measured cavity diameter in the target plates at entry, middle and exit locations.

3. FINITE ELEMENT SIMULAnON

Finite element simulation of long rod penetration in semi-infinite steel target has been
investigated by many authors using CTH. A summary of their work is given in Anderson
and Walker (1991). We have used the 1991 version of the EPIC Research Code (EPIC91R)
(Johnson and Stryk, 1991) to simulate all six penetration experiments. A baseline 2-D
axisymmetric finite element grid was created for each experimental configuration and is
summarized in Table 3. All elements were generated in a crossed triangle arrangement.
Elements on the rod-plate interface were eroded (eliminated) when their equivalent plastic
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strain exceeded an erosion strain criterion of 1.5. In all the simulations, the target plates
were modeled without restraints. Figures 1 and 2 shows the initial and final baseline grid
plots from the calibrated simulations.

3.1. Calibration with experiments
Shot 4-1529 was chosen for the initial calibration of the finite element simulations,

since it was the "best" shot in terms of pre-impact rod inclination (pitch and yaw). The
calibration objectives were to match the following experimental data: (a) the length of the
exiting projectiles, (b) the velocity of the exiting projectile, (c) the dimensions of the cavity
in the target plate. The first simulation of shot 4-1529 employed the Johnson-Cook strength
and fracture models to describe the material behavior in both the tungsten rod and the steel
plate. Reasonable agreement with shot 4-1529 was finally obtained by preventing damage
growth (DAM = 0) and thermal softening (M = 0) in modeling the material behavior of
the tungsten rod. Maintaining the above material behavior restrictions, the remaining five
shots were simulated. Table I shows a comparison of the experimental and simulated results
for rod exit data, and Table 2 shows a comparison of the experimental and simulated results
for cavity diameters.

The exit velocity of the projectile obtained from the finite element simulation is 6-14%
greater than the experiments. The residual length of the projectile obtained from the finite
element simulation is 5-12% greater than observed in the experiments. The cavity diameter
in the middle section of the target obtained from the finite element simulation is 2.5-25%
lower than the experiment. The variations in exit velocity, residual length of the projectile
and the cavity diameter are due to impact inclination of the projectile. The small angle of
inclination gives comparable results between experiment and the finite element analysis.

3.2. Analytical expression defining the cal'ity shape
The projectile is assumed to be a fiat-ended cylinder (rod) which impacts a homo

geneous, isotropic target plate at normal incidence. Immediately upon impact, the projectile
begins to penetrate the target. As the penetration proceeds, the projectile's nose remains in
constant contact with the target and a cavity forms inside the target. This contact zone
defines the target's local cavity. The target's local cavity is defined as that part of the global
cavity in which radial expansion is occurring, i.e. in the immediate vicinity of the nose of
the penetrating rod. The geometry of local cavity shape is shown in Fig. 3. In this figure,
the horizontal axis indicates radial distance from the axis of symmetry and the vertical axis
represents local cavity depth. There are an infinite number of local cavities formed during
the penetration process. The cavity shape function given by eqn (I) has been formulated
to describe the characteristic shape of these local cavities:

(
ac.[.I_K.(I-~n

a(z) =

(~I~)Z

Z* < Z ~ Zr

o~ Z ~ Z*,

(I)

where the local cavity radius a(z) varies between 0 (at the base of the cavity) and aI', the
characteristic final (maximum) cavity radius. Also, z is the local cavity depth, Zr is the
characteristic final (maximum) cavity depth, CR is the Raleigh wave speed, tint is the
projectile-target interface velocity (assumed constant for complete penetration) and IX is
the calibration parameter, or mathematically it represents dimensionless time. In eqn (2),
the two expressions and their first derivatives (with respect to z) must be equal to each
other at Z*, i.e. the cavity shape function is smooth and continuous. For an arbitrary IX

(0 < IX ~ 1), this condition can be satisfied by uniquely determining the parameters K* and
Z* through an iterative numerical scheme. Assuming that t = tint at higher velocities, the
partial derivative of the shape function a(z) with respect to time, a(z, t), provides the
following expression for the local cavity's radial expansion velocity:
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Fig. I. Initial baseline grid plot.

2

•Fig. 2. Final baseline grid plot.
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Figure 4 illustrates the cavity shape function for various values of ':-111' and :x. Increasing the
interface velocity from 0.1 to 2.5 mm /lS-1 for a given value :x changes the shape of the
cavity from cylinder to ogive. This shape function can also be used to model the nose of
the rigid projectile. The nose geometry can be spherical, ogival, conical and cylindrical.

3.3. Cavity attributes from simulation
The EPIC91 R code was modified accordingly to produce additional output pertaining

to the rod-plate interface velocity and the local cavity's shape and radial expansion charac
teristics. Cavity growth in the axial direction was examined through a time history plot of
the simulated axial rod-plate interface position, shown in Fig. 5. This curve, essentially a
straight line, suggests a relatively constant rod-plate interface velocity (~1.2 km S-I)

during the penetration process. A constant interface velocity assumption may be reasonable
for complete penetration. In the case of partial penetration, however, the rod-plate interface
velocity is fairly constant during the penetration event, but eventually this velocity must
decrease to zero.

Output data from the EPIC simulation of shot 4-1529 were used to analyse the
characteristics of local cavity expansion and growth in the target plate. The simulated local
cavity shape data from 20 equally spaced axial locations throughout the thickness of the
target plate were used to calibrate the parameters in the local cavity shape defined by eqn
(1). The data and the cavity shape functions are superimposed in Fig. 6. The cavity
shape function parameters are ar = 4.7 mm, Zr = 5.5 mm, tint = 1.15 mm /lS-I, :x = 0.35.
K* ~ 1.245, CR = 2.94 mm /lS-1 and Z* ~ 0.86365 mm. Local cavity expansion occurs in
the radial direction and cavity growth occurs in the axial direction. The characteristics of
the cavity's radial expansion were determined by examining the simulated time histories of
cavity radii for 20 equally spaced axial locations throughout the target thickness. The data
from these profiles, superimposed in Fig. 7, exhibit a distinctive pattern. Initially, upon
arrival of the penetrating rod. the radial expansion rate is highest. The expansion rate
gradually decreases to zero (at about 4.5 liS) as the rod passes and the cavity has expanded
to its maximum radius (about 4.7 mm). The solid line in Fig. 7 represents a characteristic
radial expansion history for the local cavity. This curve, based on the assumptions of
constant local cavity shape and rod-plate interface velocity, was plotted from eqn (1) by
varying the local cavity depth (z) from 0 to z, as a function of time.
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3.4. Force-time history
Methods to obtain accurate time histories of the forces exerted on targets from the

above simulations were investigated. In one approach, the net system force exerted during
a time step was determined by dividing the change in axial momentum by the time step
(!1Mz/M). However, the resulting force-time history profile became extremely noisy after
the first few microseconds; this was probably due to the simulated erosion process. To
eliminate this noise problem, the simulated time history of the target plate's axial momentum
was first approximated with a fifth-degree polynomial. The net axial force exerted on the
target at any time could then be calculated from the polynomial's first derivative (dMz/dt).
The dashed line in Fig. 8 shows the smoothed axial force-time history that was computed
from the simulation of shot 4-1529.

The other approach to find the instantaneous force exerted on the local cavity at any
time during the penetration would be the product of the total pressure on the local cavity
and the surface area of the local cavity. In evaluating the cavity's surface area, a numerical
integration technique (e.g. the trapezoidal rule) is necessary to compute the surface area as
a function of cavity depth. The local cavity's surface area varies with time. At the beginning
of the rod penetration event there is no cavity, so the surface area is zero. As the penetration
proceeds, the local cavity grows until it reaches its maximum depth, Zr. The surface area of
the local cavity then remains constant until the global cavity depth equals the target plate's
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Fig. 8. Comparison of idealized force time history with data from simulation of shot 4-1529.

thickness. Finally, the local cavity's surface area decreases to zero as the projectile exits the
target.

The total time-varying pressure, pet), exerted by the penetrating projectile into the
target is the sum of the static pressure (Ps) and the dynamic pressure (Po). For projectiles
striking at low velocity, the static term is more dominant than the dynamic term, whereas
for projectiles striking at high velocity the dynamic term is more dominant than the static
term. An engineering model for the forces on rigid. long rods with spherical, ogival and
conical noses that penetrated rate-independent, elastic perfectly plastic targets was
developed by Forrestal and Luk (1988). Forrestal et al. (1990) have used cylindrical cavity
expansion and arrived at the expression for the static pressure (Ps) and the dynamic pressure
(PD ) assuming an incompressible target with a power law strain hardening material. The
above model describes the penetration of projectile for velocities less than 1.5 km S-I. The
only hypervelocity model available from a literature survey is given by Hanagud and Ross
(1971). They showed the comparison between compressible and incompressible penetration
theory for the hypervelocity impact of spherical steel projectiles on an aluminum target
using spherical cavity expansion and deep penetration theory, and assumed a compressible
target with a linear strain hardening material.

The static and dynamic pressure may be obtained from Forrestal and Luk (1988),
Forrestal et al. (1990) and Hanagud and Ross (l97\). The dynamic pressure term can be
put in the form:

(3)

where (J is a function of density and yield strength for a compressible or incompressible
target material and a is the radial expansion velocity of the local cavity. Based on the
assumptions that (a) the interface velocity remains constant and (b) the local cavity shape
remains uniform throughout the penetration, then fJ may be considered to be a constant.

During the penetration event. the static pressure on the local cavity is constant and
the dynamic pressure is a function of the local cavity's radial expansion rate. Within the
local cavity, the radial expansion rate decreases from a maximum at the base to a minimum
(zero) at the top; the dynamic pressure also varies along the wall of the local cavity. Based
on the assumption of constant local cavity shape, the calculated distribution of dynamic
pressure will remain constant throughout the penetration.

Calculation of force-time history in the second approach requires the local cavity
shape parameters, the thickness of the target plate. the residual strength of the target and
the parameter {J used to compute the dynamic pressure. The solid line in Fig. 8 represents
the force-time history that was computed for shot 4-1529. In this calculation. the local
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cavity parameters given in Section 3.2 were used. The target plate was 63.5 mm thick and
the dynamic pressure parameter Pwas set to 0.208 GPa IlS2 mm -2. A static pressure of 2.08
GPa obtained from the simulation was considered. The loading history described by a
dashed line has an idealized profile and is comparable to that from the finite element
simulation.

4. CAVITY GROWTH AND EXPANSION MODEL

4.1. Target material model in compression
In the penetration problem the two heterogeneous bodies are in contact, one of which

is the nose of a long rod cylindrical projectile, while the other is bounded by an axially
symmetric surface defined by the cavity shape function and is described in Section 3.2.
Immediately upon impact, the projectile begins to penetrate the target. As the penetration
proceeds, the projectile's nose remains in constant contact with the target and a cavity
forms inside the target. This contact zone defines the target's local cavity. The target's local
cavity is defined as that part of the global cavity in which radial expansion is occurring, i.e.
in the immediate vicinity of the nose of the penetrating rod. Figure 9 describes the instan
taneous local cavity growth in the axial direction given by eqn (1). A comparison with the
finite element simulation is also shown. In this figure, 11 represents dimensionless time
(= I-IX). At J1 = 1, impact is about to occur, and the target surface is free of any local
deformation or crater formation. When 11 = 0 the cavity is complete, and a new cavity
starts forming. Defining the cavity growth process is a new concept. The formation of a
complete cavity at J1 = 0 is also illustrated in Fig. 6.

In this paragraph, we explain the cavity expansion in the radial direction. The problem
treated concerns a target material that experiences (a) ideal locking compressibility behavior
under hydrostatic stress and (b) an elastic-plastic response represented by material octa
hedral shear stress-strain behavior (obtained from uniaxial compression test) :

r~
for J2, <--y

J2 n 3

'. ~ ~2 Y[ (1+ ~"JJ J2
(4)

for 'n ~ -3- y,

where E is the modulus of elasticity, Y is the dynamic yield strength of the target material

2..----- --,
- - - Finite Element Simulation
-- Analytical Model

-1 1

a (mm)
-3

,------ 2af-------'-~:

-5

a

Fig. 9. Schematic of the local cavity growth in the axial direction.
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Fig. 10. Schematic of the cavity expansion in the radial direction.

and N is the strain hardening exponent. The octahedral shear stress Tn is a function of
effective stress ti, and the octahedral shear strain Yn is a function of effective strain e:

in = fie.

(5)

(6)

The relationship between stress and strain for an ideal plastic solid, with yielding caused
by deviatoric stresses under uniaxial compression in plane strain, is given by the Levy
Mises criterion:

(7)

where (Tn (To and (Tz are the radial, circumferential and axial stresses, respectively, in the
cylindrical coordinate (r, e, z) system. Using eqns (4)-(7), the stress difference in the elastic
and post-yield region is

elastic behavior

(8)

post-yield behavior.

The sudden application of pressure at the cavity surface in the initially stress-free solid in
Fig. 10 produces a surrounding deformed region of material that is instantaneously elastic
locked in dilatation and elastic in shear (Hanagud and Ross, 1971). In Fig. 10, Ii = (alit),
5 = (blzt) and k = (klzt), where a is the radius of local cavity, b is the location of the elastic
plastic wave front, k is the location of the elastic wave front and z is the projectile-target
interface velocity. The radial cavity expansion velocity is equal to the velocity of the wave
in the plastic region.

The values oflocking strain may be obtained from the experimental Rankine-Hugonoit
relationship, which characterizes material behavior under hydrostatic compression at high
rates ofloading. The elastic situation persists under increasing pressure until yielding occurs
at the cavity surface, whereupon the medium experiences plastic locking stress in dilatation
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and plastic behavior in shear in the region ti < ~ ~ b. At this point, values of hydrostatic
stress for the locked plastic material are greater than those values characteristic of the
locked elastic condition in the region b < ~ ~ k. Further increase of pressure with time
causes the locked plastic region surrounding the cavity to grow in extent so that the surface
which acts as a boundary between the initially generated locked elastic material and the
following zone of locked plastic material, propagates outward radially from the expanding
cavity surface.

The circumferential strain (co) and the hoop strain (c r) in terms of locking strain (c/)
are (Managud and Ross, 1971) :

(9)

Equation (8) in terms of locking strain gives

(1r-(10
---

y

JJU {31n (;,)-,,,1' + H;,)1' +{21n (;,)-",1'r
1A{I +G~m31n (;J- '" r+ {In (;Jr +{> In (;J- '" 1'f'}

elastic
behavior

post-yield
behavior.

(10)

In eqns (9) and (10), r is the Eulerian radial coordinate, the subscript °represents initial
value of particle position, C[p is the locked strain in the plastic region and Cle is the locked
strain in the elastic region.

4.2. Formulation ojmotion ojprojectile in the stationary target
A cavity expansion model is formulated using (a) the equation of mass conservation,

(b) the equation of motion, (c) the constitutive equation and (d) particle wave velocity and
displacement relationship.

The mass balance for a compressible solid is given by

a (PI)-(Ur -r)2 = 2r -or Po

and the radial component of the equation of motion or force balance is given by

O(1r (1r-(10_ (Ovr OVr)
;;-+--- -PI --;-+vr --;- •
ur r ut ur

(11 )

(12)

Here, r is the location of the moving particle at time t > 0, Ur is the radial displacement at
time t > 0, Po is the density of the target at time t = 0, P, is the density of the target at time
t> 0, (1r and (10 are the radial and hoop components of Cauchy stress, and Vr is the particle
velocity in the radial direction. The particle velocity and displacement are related by

(
OUr) OUr

Vr 1+ a;:- = at· (13)

By solving eqns (11) and (13) the initial location of the moving particle or the shock front
in the plastic and in the elastic region can be found. The initial location may be called the
limit of integration and is denoted by 1] in eqn (14).
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Now, introducing the dimensionless variables

(14)

and the similarity transformation

in eqns (11) and (13) yields

iJ 2 (PI)-(~-Y) = 2~ -
a~ Po

(
dY) dy

,~ 1- d~ =}' - ~ d~ .

Integrating eqn (17) gives

Substituting eqn (18) in eqn (16) gives

(15)

(16)

(17)

(18)

(19)

which, upon simplification, gives the relation between particle velocity ,~ and spatial
displacement coordinate e:

(20)

In Fig. 9, li = (altt), fj = (bitt) and k = (kltt), where a is the radius of the local cavity, b is
the location of the elastic-plastic wave front, k is the location of the elastic wave front and
t is the projectile-target interface velocity. The jump condition expressing the conservation
of mass principle is applied on the shock front at the elastic-plastic interface:

(21)

where PIp and PLe are the locked plastic and elastic densities, respectively. The jump condition
expressing the conservation of mass principle is applied on the shock front at the elastic
and stress-free region:

(22)

In the above equation Po is the density of the target material at the stress free region. The
particle velocity' 2is zero in the stress free region, eqn (22) reduces to
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(23)

Using eqns (21) and (23), the particle velocity in the locked plastic region is determined:

(24)

The initial location of the plastic shock front is obtained by substituting eqn (20) in eqn
(24) :

(25)

The initial location of the elastic shock front is obtained by substituting eqn (20) in eqn
(24) :

fie = vCfJ·
The time derivative of eqns (25) and (26) yields

IXpbb + IXpt? + (l-lXp)lXe(kb +&'k)
2)IXpbb + (1 -lXp)lXebk

In the above equations,

( Po) ( P~)lXe = 1- - and IXp = 1- - .
Pie PIp

Substituting eqns (14) and (15) in eqn (2) gives

dS I Sj -S2 _ P1C2(J: r d(~
d~ + ~ - y \, +\,~) d~ .

(26)

(27)

(28)

(29)

(30)

In the region li < ~ ~ b of the plate target, the density and the strain are locked in plastic.
Substituting eqns (14) and (15) in eqn (0) representing the post-yield behavior, we obtain

(31)

Substituting egn (31) in egn (30), we get
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dS~ IA[2JN+ 1/2 (E)N I [{ ( ~ ) }2 { (~)}2 { (~ ) }2r~- = - - - - - - - 3ln - - tl + In - + 2ln - - tl
d~ ~ 3 3 Y ~ ~o p ~o ~o p

On integrating eqn (32) from ijp to ~,

[2JN+1 /2(E)N f~ I [{ (~') }2 { (C')}2S)(~)=S)(ijp)- "3 Y ~pf 3ln ~o -tip + In ~o

(33)

gives

[2JN+I!2(E)Nf~ I [{ (i") }2 { (C')}2S)(~) = S)(ijp) - "3 Y ~p f 3ln ~o -tip + In ~o

(34)

At ~ = i'i, Sr: (i'i) = S\ (t),

_ [2JN+1/2 (E)N fa I [{ (~') }2 { (~')}2
S)(ijp) = S\(t)+ "3 Y ~p f 3ln ~o -tip + In ~o

N A~' 2 2 P c2
? i'i ij4 2 i'i

+{2In(~J-eIP} Jd~'+ ;Y (2ijp lnijp +ij;- i'i~)+ "3 ln ijp. (35)

Substituting eqn (35) in eqn (34) gives the radial stress distribution in the region i'i < ~ ~ 6,
we get

In the region 6 < ~ ~ k of the plate target, the density and the strain are locked in elastic.
Substituting eqns (14) and (15) in eqn (10) representing the elastic behavior yields

2 E[{ (~) }2 { (~)}2 { (~) }2J\/2(8\-S2) = j3Y 3ln ~o -ele + In .~~ + 21n ~o -tie . (37)

Substituting eqn (37) in eqn (30) gives
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dS~ 2 E[{ (~) }2 { (~)}2 { (~) }2Jl!2d~ = - ..j3~ y 31n ~o -Cle + In ~o + 21n ~o -Cle
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P C2 dre
+ l~ (~+m d~. (38)

On integrating eqn (38) from fie to ~,

gives

2 Ef~ 1 [{ (~') }2 { (~')}2 { (~') }2J1
/
2S~ m= S~ (fie) - ..j3 Y ii, f' 31n ~~ -Cie + In ~o + 21n ~o -Cle d~'

_ Ple
c2 (2 -2 In i + -2 _ fi:). (40)2 y I'/e - I'/e )'2

I'/e <,

In order to obtain the elastic integration constant S~ (fie), the jump condition expressing
the conservation of momentum principle is applied at the elastic-plastic interface ~ = fj :

Subtracting eqn (40) from eqn (36) and introducing ~ = b, we obtain

A( -) 2( - 4)2 ii b PleC 2 b 2 fie+ - In - -In - + - 2fi In - + fi - - .
3 fip fip 2y e fie e fj2

Substituting eqn (41) in eqn (40) gives the elastic integration constant S~ (fie):

(42)
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2[ ( - ()J 2( - 4)PlpC 2 b a 4 1 1 PleC 2 b 2 fie
- ~- 2'1- In- -In-)-'1- - - - + -- 2'1- In- +'1- --

2 Y p flp flp P ij2 ii 2Y e fie e ij2

(43)

Substituting eqn (43) in eqn (40) gives the radial stress distribution in the region li < ~ ~ ij:

[2JN+I!2 (E)N fb I [{ (~') }2 { (~')}2 { (~') }21S~m = .$\ (t)- 3 y Ii f 31n Z~ -81p + In ~o + 21n ~o -81p J d~'

2 E r~ 1 [{ (~') }2 { (r)}2 { (~') }2J1/2- j3yJb f 31n ~o -81e + In ~o + 21n ~o -81e d~'

In the region k < ~ ~ 0 of the plate target, the density and strain are not locked. The jump
condition expressing the conservation of momentum principle is applied at the elastic stress
free interface:

(45)

At the stress-free region S~ (0) ~ 0, from which the elastic radial stress at ~ = k is

(46)

From eqns (44) and (46) at ~ = k, an expression for the time variation of normalized radial
stress distribution from li ~ ~ ~ k results:



Prediction of foree-time histories in steel plates

[2JN+1/2 (E)N r61 [{ (~') }2 { (~')}28,(t) = "3 Y Ja f 3ln ~o -Clp + In ~o

+In(:},,,rId('+~HH{31n(i},·r+HiJr
{ ( ~') }2J'/2 P c

2

[ (fj a) (1 I)J+ 2ln - -Cl d~' + -'-p- 2,;;2 In- -In- _n4
- --

~o e 2Y ',p fip fip p fi a2

2 [ (- -) ( )JPleC 2 k b 4 1 1
+ -- 2fi In- -In- -fi - --

2Y e fie fie e P ij2
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(47)

It is apparent that the static and dynamic stress terms in eqn (47) can be separated, and for
this purpose it is convenient to represent static terms by the quantity 8,(s), where

_ [2JN+1/2(E)N r6
I [{ (~') }2 { (~')}2 { (~') }2~,

SI(s) = "3 Y J,~ f 3ln ~o -Clp + In ~o + 21n ~o -Clp J d~

2 E r" I [{ (~') }2 { (~')}2 { (~') }2J'/2 f2 a+j3YJ
6
f 3In~o-c'e +In~o +2In~o-c'e d~'-'./"3lnb (48)

and the dynamic term by the quantity SI(D):

In order to solve eqns (48) and (49) we need to find the relation between a and b and their
time derivatives. At the yield point for N = 0 in eqn (10), characterizing the yield point of
the target material:

and for the elastic region ij < ~ ~ k

2 !2
(S~ -S2) = _v_L

j3
(50)

Using eqns (50) and (51), at ~ = b:
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and at ~ = ii:
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In eqns (52) and (53), ao and bo are the initial values of the plastic and elastic-plastic wave
fronts. The initial value of ao may be considered as the radius of the projectile.

For simplification let In (a/ao) = f3' and In (b/bo) = (jl, then it follows that

Substituting eqn (54) in eqns (52) and (53) gives

2(~2 = [(3(j'-Gle)2+(j'2+(2(j'-Gle)2]

(~2 ~ [(3f3' _Glp)2 + f3'2 + (2f3' _GIP)2].

(54)

(55)

From eqn (55) (j' and f3' can be estimated for a given Y, E, Gle and Glp' Gle and Glp are to be
obtained from the Huguenot curve for any isotropic target material. It is assumed that the
leading shock front at ~ = k is relatively weak, such that the elastic locking strain Gte and
concomitant jump in density from the stress-free region to the locked elastic region are very
small, then it follows that Gle = 0 and Pie = O. So, the first expression of eqn (55) gives

Equations (25) and (27) give

(56)

fip=# and (57)

and eqns (26) and (28) result in fi = 0 and fi = O. Also, from eqn (21), at ~ = ii, the particle
velocity (a is equal to the cavity expansion velocity Ii. The cavity expansion front is given
by

Substituting eqn (58) in eqn (57) gives

-2 _.:
flp = aa.

. ii (ii)5 = !Y.
p

b .

(58)

(59)

We consider the compressibility in the locked plastic region, ii < ~ ~ 5, over an arbitrary
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time period [' = to (ii' = lio, e' = eo) and [' = t (li' = li; e' = O. Applying mass conser
vation,

(60)

gives

Replacing eand eo by band bo, respectively, in eqn (61) gives

(62)

4.3. Evaluation of the static and dynamic hoop stress
We consider the compressibility in the locked elastic region, b < ~ ~ k, [' = to

(li' = bo, ~' = ~o) and [' = t (b' = b, t = O. Applying mass conservation,

(63)

gives

For a weak shock load at b < ~ ~ k, ele ~ 0, Po = Pie and rte = 0, eqn (64) gives

(65)

The expansion series for e- 3b
' is

(66)

Using eqns (65) and (66), we obtain

(67)

The expansion series for In(l +x) is

(68)

Making use of eqns (67) and (68) gives
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In(iJ== _}{(~Y(_3~/+~b/2_¥~l3+...)

+~[(~Y(-30'+~OI2_¥O'3+ ...)J+ .. J (69)

For 0' « 1, this results in

(70)

Using eqn (70), the elastic integral term in eqn (48) is

2 E fk 1 [{ (~') }2 { (~')}2 { (~') }lJ1
/
2 ,J3 y J6 f' 31n ~o -I::le + In ~o + 2In ~O -LIe d~

2 E rk
I [fi (fj)3 , 9 ,2 ] t:'

= J(Y J6 f' -3- f' (30 -if> +...) d lo

2.)42 E -3 3J' (1 1) E JJ'=----b (l-e- ) --- =0.48-(I-e- )
27 Y P ij3 Y

The term j2i31n(alb) in eqn (48) is obtained from eqn (62) as

The static pressure term given by eqn (48) is

fork-+ 00. (71)

(72)

E [1-e- 3J'(I-a )J
+0.48 -y(1_e- 30

) -0.272 In 3 ' p.
l-e~ p (l-ap)

(73)

Equation (73) also represents the residual strength of the target. For incompressible solid,
Po ~ Pie ~ Pip, 8le = 8lp = 0, the static pressure term in eqn (73) is

(74)

The dynamic term SI(D) in eqn (49) is given by

(75)

For an incompressible solid, Po ~ PIe ~ Pip, LIe = 81p = 0, Ctp = 0, it follows from eqn (75)
that
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- POC
2[2 _.:. {1-e-

W} ':'2 {(1_e-
3b

')2/3 }]
S'(O) = - 2Y ) (aa) In l_e- 3fJ' +a l_e- 3fJ' -I ,

The final expression for the time-varying normalized radial stress distribution is

Ji4N [(I_e-
3fJ')N+l] E [1_e-

3b
']5 1(t)=-NI In +0.48-(1-e- 3b')-0,2721n

+ l-e- 3b' Y l_e- 3fJ'

POc
2

[2 _.:. {I -e- 3b'} ':'2 {(l-e-
3b

')2/3 }]-- -(aa)ln +a -I ,
2Y 3 1_e-3fJ' l_e-3fJ'

4.4. Pressure distribution on the cavity wall
The time-varying pressure pet) acting on the cavity is

1475

(76)

(77)

(78)

In an axisymmetric plane strain problem, 52 = 0 and 53 = (1/2)5,. The expression for time
varying pressure is

1{Ji4N[ (1_e-
3fJ')N+l] E [1_e-

3b
']}

P(t)=2 N+1 In 1_e-3b' +0.48-y(1-e-
3b

')-0.2721n l-e- 3fJ'

POc
2

[2 _.:. {1_e-
3b

'} ':'2 {(I_e-
3b

')2/3 }]-- -(aa)ln +a -1 .
4Y 3 l-e-3fJ' l_e-3fJ'

(79)

4.5. Force-time history for the penetration event
The time-varying pressure multiplied by the time-varying surface area results in force

time history of the penetrating projectile in a thick target:

F(r, z, t) = YP(t) J:' J:f 2na(z) dr dz. (80)

5. INFLUENCE OF TARGET THICKNESS AND STRIKING VELOCITY OF THE
PROJECTILE

Using the material properties for the target and the projectile (given in Table 4), in
eqns (1) and (80) the force time history is obtained for the penetration event. Table 5
illustrates the influence of target thickness and striking velocity of the projectile on the
characteristic force time history. Also superimposed is the initial momentum of the projec
tile, and momentum transferred by the projectile to the target. The first column describes
the striking velocity of the long rod projectile. The striking velocities chosen are I, 2 and 3
km s-I. The first row describes the plate thickness, ranging from 50 to 200 mm.

The second, third and fourth rows in Table 5 illustrate the effect of an increase in the
plate thickness for a given striking velocity on force and momentum time history. The

Table 4. Material properties for target and projectile

Material properties

Dynamic yield strength (GPa)
Modulus of elasticity (GPa)
Density before impact (kg m- 3

)

Poisson's ratio
Strain hardening value

Target (steel)

0.92
201.5

7823.0
0.295
0.26

Projectile (tungsten)

1.789
322.4

16981.0
0.316



Table 5. Influence of target thickness and striking velocity on characteristic force-time history
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second, third and fourth columns illustrate the effect of increase in the striking velocity of
the projectile for a given plate thickness on force and momentum time history.

Initial momentum of the projectile is mass times the striking velocity of the projectile.
Increasing the striking velocity of the projectile increases the initial momentum of the
projectile. The projectile striking at velocity 1 km S-l to a 50-mm-thick plate, takes 150 flS

to transfer all of its initial momentum (18 S-I). This case, where all of the momentum is
transferred to the target, represents partial penetration. For a projectile striking at 1 km
s-1, the force-time history and the momentum transferred to the target are unaffected by
plate thicknesses greater than 50 mm. The maximum peak force remains constant and is
not a function of thickness.

By increasing the striking velocity of the projectile from 1 to 2 km s-1, the projectile
perforates a 50-mm-thick plate in 48 flS and a 100-mm-thick plate in 96 flS. This indicates that
by doubling the plate thickness and maintaining full penetration criteria, the momentum
transferred by the projectile penetrating a 50-mm-thick plate is half the momentum trans
ferred by the projectile penetrating a 100-mm-thick plate, and perforation time in a 50 mm
plate is half the perforation time in a 100 mm plate. By increasing the plate thickness to
200 mm, the projectile does not perforate, and complete momentum is transferred to the
target.

The figures in Table 5 may be compared with Fig. 8. It can be seen that in the case of
full penetration {3 may be assumed to be constant. In the case of partial penetration eqn (1)
in conjunction with eqn (80) must be used. The figures in Table 5 are hypothetical, but
illustrate what kinds of force-time histories may be predicted.
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